The Ising model on the cactus tree which is constructed by the introduction of smallest possible loops into the Cayley tree is studied. The nearest-neighbor interactions are not restricted to ferromagnetism but taken as general as possible. Physical quantities which are influenced by the existence of the loops and the antiferromagnetic interactions are reported. § l. Introduction A system of the Ising model \vith the ferromagnetic interaction on the Cayley tree has attracted attention of theoreticians, who have reported many queer behaviors of the system. 1 l~?l The Cayley tree has no loops within itself and the number of its boundary vertices does not become negligible even in the limit of a large system. In the present paper we introduce smallest possible loops into the Cayley tree and investigate the physical quantities of the system of the Ising model on the so-called cactus tree. Our interest in the cactus tree is twofold: One is that it is another example of an exactly soluble lattice, and the other is that it has smallest possible loops so that it provides us with elementary information about the existence of the loops when compared with the Cayley tree.
§ 2. Recursion relations and the residual entropy
We consider a system of the spin 1/2 Ising spins on the cactus tree shown m Fig. 1 . If one removes extra bonds indicated by J3 from the cactus tree, one gets the familiar Cayley tree. The cactus tree has the smallest possible loops 'Within itself in contrast to the Cayley tree, but the fact that every vertex of the cactus tree is also an articulation point enables us to write down recursion relations for the partition functions of the system with the total layer number 1<, 1 .e., 
where, e.g., z_,_ (k) is the partition function of the cactus tree consisting of k layers and the spin state of the i?th layer is up, Ilk is the external magnetic field which may vary from laryer to layer and ;3=1/kBT (the Boltzmann constant is denoted by kB).
When the external field is absent, the recursion relations (1) can he solved successively with the initial condition z,_<n =Z_ (1) =1. 
If we put
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the zero-field partition function z<kl = Z+ <kl + Z_ <kl of the system IS derived as (4) where K = Jj KBT and N<kl is the total number of the vertices of the cactus tree with k total layers, I.e.,
The expresswn ( 4) is analytic for any values of s and r as long as the temperature is finite. Therefore, no transition can be expected in the quantities derived from (4) . That is the same for the ordinary Cayley tree case which is recovered if one puts s=1 and r=O in (4).
As we have not imposed any restriction on s and r, we can study the system with the antiferromagnetic interactions. The cactus tree is made of many triangles connected at their vertices. The antiferromagnetism on the triangles provides us \vith interesting problems. The residual entropy of the two-dimensional triangular lattice \Vas calculated by \Vannier 91 with the result S (0) /kBT = 0.32306. In our cactus tree case the residual entropy is derived as follows: (6) where
is the free energy per vertex for large lc. The result is shmvn in Fig. 2 . The residual entropy emerges only \Yhen two or more exponents in (7) become identical, hence we only have to investigate the six lines, namely, s = ± 1, r = ± 1 and s == ±r. § 3. The zero-:fidd susceptibilities \Ve introduce infinitesimal fields to calculate the zero-field susceptibilities of the cactus tree. Von Heimburg and Thomas devised a method o£ calculating the layer, the interior and the mean susceptibilities of the ferromagnetic Ising model on the Cayley tree! 1 We apply their method to obtain the same quantities of tl1e cactus tree \Yith arbitrary interactions. Furthermore, as we do not impose the restriction !? -l = 0 (1) which they used in the course of calculation, we can yield Downloaded from https://academic.oup.com/ptp/article-abstract/56/3/741/1935557 by guest on 26 December 2018 exact expressions for the layer susceptibility anywhere in the tree at any temperature. For details of the method their paper should be referred to. Here we briefly describe the derivation of the layer susceptibility of the cactus tree emphasizing the difference from that of the Cay ley tree.
Firstly, we put
We expand Z= <kl of (1) for small fields H< to second order m L< = (3H<,
l lV where IS the partition function of the system in the absence of the external fields. The spontaneous magnetization of the layer l can be expressed in terms of the infinitesimal fields as
where the susceptibility xi~), IS related to the coefficient b[~), of (9) as xi~J = fJbi~J .
Since the layer susceptibility of the layer l IS derived as
derivation of the layer susceptibility is reduced to the calculation of bftJ. Substituting (9) into (1), we obtain four different recursion relations for z<kl, a< <kl, bf~) and bf~l, respectively. These relations are readily solved and the solutions
For the ordinary Cayley tree case Y is reduced to v = tanhK and ~V to v'. Summing up (15) by (11) and (12) without any restriction, we obtain the exact layer susceptibility as
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(16)
This expression plays a fundamental role in § 4 as well as in this section. If we impose conditions k)>1, k-Z=/=0(1) and 2Y'<1, (16) reduces to a simpler form
which is a straightforward generalization of the layer susceptibility given by von Heimburg and Thomas, namely, (3 ·17) of Ref. 4) . The susceptibility of the interior part of the cactus tree IS derived from (17) by introducing further conditions Z)>1 and I2YI <1, as
The mean susceptibility IS defined as 
• If we put l = 1 m the expression (16) or (17), we obtain the surface susceptibility as
for !;:)>1 and 2Y 2 <1. Since (16) is valid for k-Z=0(1}, we can also yield the susceptibility at l=k, for k)>1 and I2YI <1, as
Now we are in a position to determine for what type of cactus tree divergences of these susceptibilities occur. It should be noted that the conditions for validity of these expressions are different; I2YI <1 for (18) and (22), and 2Y"<1 for gences for all the temperatures in the blank regions including the dotted lines in It is still an open problem whether the zero-field susceptibility of the antiferromagnetic Ising model on the two-dimensional triangular lattice, which also has the residual entropy, is singular or not at T=0. 10 J As far as the present author knows the cactus tree is the only lattice except the one-dimenclional chain, for which the singularity of the zero-field susceptibility at T = 0 can be determined correctly. In contrast to the triangular lattice, however, the susceptibility is not uniquely defined on the cactus tree, as we have seen in the last section. Therefore, it is necessary to investigate the behavior of the various susceptibilities at T=O.
T. Tsuchiya
Since the expressions (18), (20), (21) and (22) Singular behavior of the zero-field susceptibility of the interior part of the cactus tree at T = 0 is sho1vn in Fig. 7 , and those of the mean and the surface susceptibilities become identical as shown in Fig. 8 . Essential sigularities at T = 0 which are similar to the behavior of the ferromagnetic Ising chain appear on the solid lines in Fig. 7 and the dotted lines in Figs. 7 and 8 correspond to the singularity of the form 1/T which seems to be peculiar to the cactus trees. Otherwise, the susceptibilities become non-singular and vanish at T = 0 which is identical with the behavior of the antiferromagnetic Ising chain. It is important to note that not all the cactus trees that have the residual entropy show singular behavior of the zero-field susceptibilities. In Fig. 9 singular behavior of the susceptibility at the vertex l=k at T=O is shown. The singularity of the form 1/T emerges not only on the clotted lines but in the dotted areas expelling the non-singular behavior. We see, however, that this fact is peculiar to the susceptibility at l = k alone because singular behavior of the susceptibility at the layer l=k-1 at T=O is shown in Fig. 10 where singularities appear only on the lines, though the result is slightly different from that of the susceptibility of the interior, i.e., Fig. 7 .
In both the Figs. 9 and 10 divergences at finite temperatures occur in the shaded regions, and nothing can be said for the black regiOns at T=O. § 5. The spontaneous magnetization at l = k
In this section we prove that the spontaneous magnetization exists at the vertex l = k below the temperature at which the susceptibility for the vertex diverges.
From the recursion relations (1) we obtain by assummg the external field 
where
and a, b, c and L are obvious abbreviations. It 1s easily proved that
if t 0 l=exp(2L)>1 (H>O) and a>c. The last condition holds when s>-1 for K>O and s< -1 for K <O. As the ratio (26) is bounded, vve have for the very large system
Then, (26) becomes a cubic equation for t<kl. For H---+0 the equation is reduced to
and the condition that this equation has a solution larger than unity is derived as
It is readily proved that (31) is equivalent toY= (a-c)/(a+b+c)>1/2 vvhich is, from (22), the condition that the susceptibility at l = k diverges. We have just proved the necessary condition for the existence of the spontaneous magnetization at the vertex l = k below the temperature at which the susceptibility diverges. To prove the sufficient condition we have to compare the free energies of the state corresponding to t<kl > 1 and of the state t<kl = 1. As the partition function of the whole system is z<kl = z+ (k) + z_ (k), we have ln zck) = l_ ln (Z cklZ_ ckl) + l_ ln (2 + t<kl + _1 __ ). 
The first term of (32) can be calculated from (1) and written m terms of t<kl. Then,
If t<kl = 1, then from (28) tm = 1 for any Z. It is obvious that the r.h.s. of (33) with the condition t<kl > 1 is greater than that with t<kl = 1. Therefore, the free energy F=-(1//1)lnz<kl with the condition t<kl>1 becomes lower than that with
The conclusion is that the spin at the vertex l = k o£ the cactus tree with sets of interactions indicated by the shaded regions of Fig. 3 has the spontaneous magnetization below the temperature at which the susceptibility diverges. *l Although it is not yet proved as above, the present author conjectures that the same is true for the interior part of the cactus tree, since the singular behavior of the susceptibility of the interior part is identical with that of the susceptibility at the vertex l = .k. § 6. Discussion
We have studied the system of the Ising model on the cactus tree with general interactions. We have derived exactly the zero-field partition function, the zero-field susceptibility and the spontaneous magnetization at the vertex l = k.
Among the quantities derived directly from the zero-field partition function the entropy shows the effects of the existence of the loops as it does not vanish even when T ~o for some sets of interactions. VV e have seen in Fig. 6 the changes of the temperatures at which the zero-field susceptibilities diverge by the introduction o£ the loops into the Cayley tree with homogeneous interactions. The results of the changes could be predictable as the temperatures increase for the ferromagnetic case and decrease for the antiferromagnetic case, but the most interesting thing is that the divergenece of the mean susceptibility at a finite temperature disappears for the homogeneous antiferromagnetic cactus tree (curve (c)). In short the introduction of the smallest possible loops shovvs its effects clearly in the an tiferromagnetic cases.
In § 4 we have investigated the behavior of the vanous susceptibilities at T = 0 and showed the results in Figs. 7 ~ 10. We see for some cactus trees with particular sets of interactions any kind of susceptibility diverges at T = 0 as 1/T.
A typical and the most interesting example is the homogeneous antiferromagnetic cactus tree (s=r=1, J<O) in which the mean, the interior and the surface susceptibilities diverge at T=O as well as the susceptibilities of the layers l=k and l = k -1. In the system it seems that the susceptibilities diverge at the same temperature independent of the location of the layer under consideration. Anyway, \ve have proved that the mean and the interior susceptibilities of the antiferromagnetic cactus tree have the singularities at the same temperature, namely T=O, which must be a first and very peculiar example among the Cayley-tree-like systems with overwhelming surface effects.
*J \A/ e think that the sufiicient condition is lacking in the proof of the existence of the spontaneous magnetization at the central vertex of the ferromagnetic Cayley tree in Ref. 2) .
